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A Bayesian Method for Testing TTBT Compliance
with Unknown Intercept and Slope

Jangsun Baek, Henry L. Gray, Gary D. McCartor and Wayne A. Woodward

Southern Methodist University

Feb. 19, 1992

A_bstract

In this report we examine the Bayesian method for testing for compliance
to a given threshold studied by Nicholson, Mensing and Gray. It is noted that
although this test and accompanying confidence intervals are valid for a single
event, it is incorrect to apply it or the confidence intervals to repeated events

at the same site unless the number of calibration events is large. Since in any

foreseeable future the number of calibration events is likely to be small, this

report studies the applicability of the Bayesian test in this case. The results
suggest that in many instances the Bayesian method examined here should be
used on repeated events with caution if the number of calibration events is less
than three.



1 Introduction

Over the last few years much of the interest in yield estimation and threshold
test ban treaty monitoring has shifted to the problem of properly monitoring

yields that are somewhat smaller than the current test ban limit of 150 Kt.

As a result of this interest in smaller yields it has become more important to

include the effects of unknown slope (in the standard magnitude/yield relation)

on estimated yields, associated confidence intervals, and related hypothesis tests.

The most popular approach for addressing this problem thus far has been
through the Baysian methodology. See W. L. Nicholson, R. W. Mensing and H.
L. Gray, or R. H. Shumway and Z. A. Der for éxarnple. In each of these papers
the authors make use of prior distributions on the parameter spaces to obtain
estimates of yield, confidence intervals for yield, threshold type test of hypotheses,
and associated F-numbers which allow for errors in estimating geological bias and
slope as well as several other unknown parameters. Although such results are
exactly what was needed in one sense they present a problem in another. That
is, although the confidence intervals and hypothesis tests are valid when related
to a single event from all possible parameter configurations they do not represent
such intervals or hypothesis tests when applied repeatly to a fixed test site (This
will be explained in detail in section 4). This problem was noted by Fisk, Gray,
McCartor and Wilson (1991) for the case where the slope is known.

In this report we examine the current Baysian approach to yield estimation
from several practical aspects. That is we consider:

1. The power of the tests for several different parameter configurations and
yield training sets. |
2. The maximum benefit of previous no yield data regarding its contribu-
tion to increasing the power or decreasing the F-number. v
3. The actual error rate or confidence interval (CI) that results when these
Baysian tests or CI’s are applied to repeated tests at the same site.
Item 3 is of special interest if the number of calibration events is small and the

particular test site is an anomaly, i.e. a site whose parameters differ substantial
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from their corresponding Bayesian means. We shall refer to our investigation of

item 3 as a robustness study.
2 Notation and Background

Let Y; denote the jth yield at a given test site and let m;; denote the ith
magnitude associated with the jth yield, |

m;; = A; + B;Wy; + e;j (1)

t = 1,2,--.;p and j = 1,2,---,n, where Wo; = logY; —logYy = W; ~
Wy, with Wy given and the e;; represent random errors. Further let A =
(A1,-++,4p), B = (B1,--+,Bp), and ej = (ey},€3j, ++,€p;)| where the prime
denotes transpose, and the e; are normal random vectors with mean (0,0, - - -,0)’

and known variance Xe. We can now write (1) in the matrix form
m; =A+BWOj+ej. ' (2)

In the model defined by Equation (1) A and B are vectors of parameters
that depend on the test site and the particular magxﬁtude being considered. For
example my; may refer to the jth m; value while mg; might be the jth m L,
value. Ideally A and B in (2) would be known. This is in general not the case.

However there may be sufficient information regarding A and B to restrict
their possible values. That is, it is arguable that one can reasonably impose
a probability distribution on A and B a priori. This is in fact the reasoning
that leads to a Bayesian approach to the problem. Specifically we suppose that
B = (A', B has a prior normal distribution with known mean g g and covariance
Zg. In the future we will denote this by § ~ N (#g, Zg). Therefore in Equation
(2) we no longer treat A and B as fixed parameters but as random variables or, if
you like, “parameters” which take on their possible values with some probabilify.

Now suppose n calibration events are available, i.e. n events at a given site
for which the yields W; are known (or at least known sufficiently well that we
can neglect the errors in the observed W;). Then we can determine a compliance

test and its associated F-number which properly integrates the information in the
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prior distribution with the data from the calibration events. This is the subject

of the next section.
3 A Bayesian Test of Compliance

In order to determine a test for compliance which makes use of prior informa-
tion regarding B and the calibration events, we need to determine the probability :
density function (pdf) for m = m, 4 given mj, my, ---, my. We will denote this
pdf by f(m|m,), where ™y, = (m,my,---,my,). Given n events for which the
yields are known we wish to develop a compliance test for an (n + 1)st event for
which the yield is unknown.

Note that the model in (2) can be written in the form

mj=DJ-ﬁ+ej, j=1,2,---,n, (3)
where
1 0 --- 0 WO] 0 e 0
0 1 s 0 0 WOj vee O
Dj= SV : : .. . = (1,Wp;) ®Ip
00 -1 0 0 - Wy

and ® denotes the kronecker product.
Case 1: f known

The problem is a simple one when B is known since in that event m is
independent of the previous mj,my,- -, my, t.e. Ep = 0. The hypothesis H,
to be tested is

Hy: W< Wr
against (4)
Hy : W> Wr,

where W = W, ;1. If we shorten the notation Wy 41 to W, i.e. take Wy 41 =
W, we can write the hypothesis test in Equation (4) in the form

Hy: We < Wer
Hl . Wc>WcT,
4



where Wer = W — W). In this case f(m|m,) = f(m). Now let
p
my = Zrim,‘, : (5)
i=1

where the r; are known weights with 0 < r; <1 and Ef‘):l r; = 1. It is well known
that if e; ~ N(0,X.), then m ~ N(DB, Z.) where D = (1, W,) ®I,, and it then

follows at once that m, ~ N(r'DB, r'Zer), where r = (r1,r9,-+,rp). Therefore,
under Hy, we take W = Wer so that a test of the hypothesis in Equation (4) at

the 100c percent significance level is given by the following rule

Reject Hy if my > Tiq, (6)
where

Dr=(1,W,r)®1Ip,

and zq is the 100(1 — a)th percentile point of N(0, 1) distribution. We shall refer
to the test defined by the rule given by Equation (6) as Test 1.

Case 2: B8 unknown

Of course B is not known and therefore Test 1 cannot be used in practice.
It does however furnish us a base line for comparison purposes. What can be
reasonably assumed, as we have already mentioned, is that 8 ~ N (kg Eg), where
#p and X g are known. In this case m and ni, are not independent and therefore
the problem is a bit more difficult. It can however be solved by making use of
the following theorem, the proof of which we include in the Appendix. |

Theorem 1. Let m = my4; be a p-dimensional magnitude related to
Won+1 = We by the model of Equation (3). For k =1,2,---,n+ 1, let My =
Ef:l m;/k, My ) = Ef:l Wo;jm;/k, and W = Ef:l Wo;j/k. Suppose B
has the prior density N (g, 2p). Then the probability density of m given My,
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f(mlﬁn)a is N(l" E)’ where
-1 _
=2, [::e - H] e, (8)

w=2{0, W) @5} B[8p + {Brr@ (Se/n+1)}]
{Bni1® (Be/(n +1)) } [2;1,4,, +n(bez;!) ( e )] ,©)
myy(n) '

and

H={(1,W.) 01} 25 [Eg + {Ens1 @ (Be/(n + 1)) J]

{Bus1® (Ze/(n+1))} {(VIV ) @1,,}, (10)
1

Ef;+1 _ ( 1 WO,n+l )_ .
Wont1 i WE/(n+1)

Given Theorem 1, the problem is once again trivial and we can again write
down a 100a% significance level test. If m, is defined by Equation (5), then it
follows from Theorem 1 that the pdf of m, given My, is N(r/u,r'Er), where
and T are given by (8) and (9) respectively. The desired test is then

Reject Hy if my > T4,

where
Too = r'p+ zoVr'Er, (11)

p and T are defined in Theorem 1 with W, = W,r, and 2, is the 100(1 — a)
percentile point of N(0,1). We shall refer to the test of Equation (11) as Test 2.
From Theorem 1 one can also obtain a confidence interval for W. For a

general treatment of the confidence interval problem with a Bayesian prior see
R. H. Shumway and Z. A. Der.



4 A Constrained Bayesian Test

In a recent report Nicholson, Mensingj and Gray (1991) show how previous
magnitude data can be used to define a Bayesian prior for B even fhough the
associated yields are not available. We shall refer to such data as “no yield”
data as before, and we also assume that n calibration events are available. In
this section we consider the question, “What is the maximum information that
can be gained by this approach ?” In order to accomplish this we will consider
the problem of the previous section but we let Athe number of no-yield events:
go to infinity. That is, we consider the case where the “no yield” data set is
sufficiently large that the parameters that are estimable from that data can be
estimated without error, i.e. they are known. By developing a test for this
case and comparing its power to Test 2 we are able to determine the maximum
improvement in power (or reduction in F-number) obtainable in the approach of
Case 2.

Specifically we note that the parameters

Ci-1= Bi/Bla i = 2,3,--.,p
and (12)
Bi-1 = Ai —ci—141,
do not depend on yield and hence consistent estimates for ¢;_; and y;_; can be
obtained from the “no yield” data. Thus in this case we take ¢;_1 and p;_q as

known, ¢ =2, , p. Moreover under these constraints the model of Equation (3)

becomes
m; = p; + D ;B +e;j, (13)

where B1 = (A1, B1), ur = (0, p1,42,+, pp-1) and

1 c c ¢p-1 !
D Lj = .
Woj aWo; coWo; -+ cp-1Wp;
Thus the original 2p dimensional parameter space for B is reduced to the 2

dimensional one due to the constraints in Equation (12).
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To determine a test for the model of Equation (13) we need the following
theorem, the proof of which is included in the Appendix.

Theorem 2. Let m = myy} be a p-dimensional magnitude related to
Won+1 = We by the model of Equation (13). Suppose B1 = (A1,B;) has the
prior pdf N(p1,81). Then the pdf of m given my, is N(pc, Z.), where

-1 o 17!
B = [l - Drnt1Qph Dy piBe’] Te,
pe = Br + 5Dy ny1Q71 Ra,

and

n+1 :
Qni1=EI7 4+ ) (D};E:'Dyy),
i=1

n
n=Z7'm + ) DB (mj - pp),

j=1
1 c cQ ot Cp-l !
DL,n+1 = .
Wc Cch C2Wc oo CP_IWC

From Theorem 2 it follows that my, ~ N(x'gc,r'Ecr) and hence a 100(a)%
significance test of the hypothesis in Equation (4) is given by the following rule:

Reject HO if My > T3a,
where
T30 = r'pc + 20V r'Er, (14)

and z, is the 100(1 — a) percentile point of a N(0,1). We shall refer to the test
of Equation (14) as Test 3.

5 Power Curve Comparisons

In order to assess the impact of imposing the prior information, we compare

the power of the following tests:



Test 1:  a test of hypothesis based on the assumption that the populatlon
parameters are known.

Test 2: a test of hypothesis based on the unconstrained Bayesian ap-
proach and the assumption that the parameters are unknown.

Test 3:  a test of hypothesis based on the constrained Bayesian approach

and the assumption that the population parameters are un-

known.
The power at W is given by

Power(W) = P(m, > To|mip, W).

Also the F-number of the test is given by

F = 10Wr-Wr

- where W is the value of the log yield at which the power is 0.5.
Since we specified the critical values of Test 1, Test 2, and Test 3 in (M), (11),
and (14), respectively, it is easy to show that the power of Tests 1, 2, and 3 are
Y(Dr-D

Power(W); =1 - & (za + —(‘/%er)ﬁ) , (15)

r' (¢ - pw) + 2o VY'Zr

\/r'EWr ’
Power(W);3 =1— & ©(Ke = bew) + 20/ PEer ,
VIEpr

where D = (1, W) ® I, ® is the cumulative distribution function of N (0,1), and

P(?wer(W)g =1-¢ ( (16)

(17)

{sw, Bw}, {#cw, Z.w)} are defined as in Theorem 1, and Theorem 2, respec-

tively, with W given.

From (16) and (17) it is clear that the power of Test 2 and Test 3 depends on
the value of ml,,. Therefore in order to compare with Test 1 we generate two equiv-
alent data sets for Test 2 and Test 3 with fixed values of {Ee,yp,zp,cl,,ul,n}
when p = 2. With the known parameter and the generated data sets, we com-
puted the power of Test 1, Test 2, and Test 3 on the 100 equally spaced grid
values between log 150 and log 300 for W from (15), (16), and (17), respectively

9




and W = log 125. We ran this simulation 20 times to get the mean of the powers
for Test 2 and Test 3. Power(W);, mean Power(W )z, and mean Power(W)3 are
plotted on Figure 1 through Figure 8 for various values of {Ze, g, g, c1, 141, n}.

Now we summarize some findings from the simulation. As we can see in Fig-
ure 1 through Figure 3, mean Power(W )2 and mean Power(W);3 rapidly converge
to Power(W); as n gets large. Similarly average F2 and average F3 converge to .
F; as n grows, where F1, Fg and F3 are the F-numbers of Test 1, Test 2, and
Test 3, respectively.

The relatively better performaxice of Test 3 over Test 2 is observed regardless
of the values of ¢] in Figure 1 and Figure 4. However, Figure 5 and Figure 6
show that the overperformance of Test 3 against Test 2 diminishes as the st andard
deviations of Ag and Bs (0 4,,0p,) decrease to those of A; and By, respectively.
Figure 7 and Figure 8 show the same phenomenon as o, becomes small enough
to be similar to o¢,. Thus it would appear that if the values used here for pg, Xg

and Be are representative, additional no yield data would be of little value.
6 Robustness

In the previous sections we have developed a test of the hypothesis of com-
pliance of the (n + 1)st event given n calibration events when B is unknown. We
referred to this as Test 2. In making use of this test it is important to under-
stand the nature of the false alarm rate or significance level a. Possibly the best
way to interpret a is to think through a simulation for estimating a. In order
to simulate the process one would first generate B from N(pg,Eg) and then,
given B and W;, i = 1,---,n, generate e,e3,---,ey to obtain my. Now let-
ting W41 = log 150 and generating e, to obtain my4, one would apply the
test and note the decision. This simulates the senario of obtaining n calibration
events and one additional event of unknown yield. This entire process would be
repeated a large number of times and the proportion of incorrect decisions would
approach a. Table 1 below describes the method. The B; denote the values of

B generated on simulation # i. Let myn41(d) = r'm; 41, where m; p4 is the
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e

(n + 1)st magnitude vector generated in the ith simulation, s = 1,2, 1.

Table 1. Simulation procedure for estimating the false alarm rate

Simulation # 1 Simulation # 2  -.-  Simulation # [
Given B1, W1,--+, Wy ﬁ2vW1""’Wn ﬁI’Wl""’Wn
Generate mjg,---,Miy, m3y,: -+, M2, T myj, -, My

Generate mj n41, W =log150 mg 41, W = log 150 ser My, W=1ogl50
Decision Reject if Reject if es Reject if
mr,n+1(1) > T2a(1) mr,n+l(2) > T2a(2) mr,n+1(1) > T2a(l)

Now, if we define a random variable X such that X = 1if m, 541(5) > Toa(5),
and otherwise X = 0, it follows that

l
a= Il_i)rgoj:EIXj/l = IEI&XI a.s.

We should note, however, that in practice the application of these tests will
be to events mp41,Mmp42,: -, Mpts at the same site. That is, what is needed
is essentially a test so that the empirical false alarm rate or significance level
approaches a as s gets large rather than as | gets large. We shall refer to the
sample false alarm rate as s — oo as the “actual significance level” or “actual

false alarm rate” and denote it by a(mn|n, 8). Thus

a(ma|n, B) = P(mnys > Toa|Mn, Wnts = log 150, B) (18)

= klim (# of my 1 > Tay)/k.
—00

It can be shown that

nl_ergo a(nmip|n, B) = a.

Thus when n is large, a(mipy|n, B) ~ a regardless of the observed value of B.
However in most instances n will be small and therefore the question which
arrises is, “How robust is a to small values of n and unusual values of B, i.e.

values of B far removed from pg 7" That is, “How close is a to a(nip|n, B),

11



the actual false alarm rate, when n is small and 8 is substantially different from
”ﬂ?” ‘
In addition to the “actual false alarm rate” we need to obtain the probability
of rejecting Hy as s — 0o. We shall refer to this as the “actual power” or the

“actual probability of detection”, and denote it by P(W|n, 8). Thus
P(Wln’p) = P(mﬂ+8 > T2a|_ﬁl’mﬂ7 Wnts = W) (19) E
= Hm (# of my 1 > Toa)/k.
k—o00
Then it also can be shown that
nl—l-»ngo P(W|n, B) = Power(W).

From (18) and (19) it is clear that a(mn|n, B) and P(W|n,B) depend on nip.
Thus for every sample of m,, these quantities will be different. We can however
estimate E[a(mp|n, B)] and E[P(W|n, )] for various values of B and n. This is
the topic of the remaining portion of this section.

In order to investigate the robustness of the actual false alarm rate,
a(my|n, B), a small simulation was performed for a variety of values of n and B.
Specifically, taking p = 2, pg = (14, B 4,s £B,» 1B,) = (4,4,1,1), 04, =04, =
op, = o, = 0.05, pp = pg = 0.5, paB = 0, 0¢;, = 0¢, = 0.05, pe = 0.5, W =
log 150 and W), = log 125, we considered the cases

ﬂ = "ﬁ +C- (0’_41,6‘42,0,0)’,
where C = 0,%1,+2, for n =1,2,3,5,10 and 100.
For each case a value of my;; was obtained 10,000 times (or equivalently

My, i = 1,-++,10,000 was obtained) and a(nip|n, B) was estimated by

. # of rejections

As already noted (T, |n, B) depends on T, and clearly the same is true about

(20)

&(miy|n, B). Therefore a reasonable measure of the robustness of Test 2 when n
is small is the E[a(Tn|n,B)] = pa. To obtain an estimate of pq, for each case

we generated 20 repetitions of &(Tpy|n, B), i.c.
1 20
fa = 20 ;éi(mnh,ﬁ)- (21)

12



~ The results of these simulations are given in Table 2 for a = 0.025. It is worth
noting the relatively large standard deviation of &(mp|n, 8). In view of the val-
ues of fiy one can conclude that the distribution of &(Tmy|n, B) is quite skewed
to the right or at least contains some extreme values on the right side. That
is, values of &(miy,|n, B) much larger than i, are more frequent than values of
é(mp|n, B) less than fiq, or substantially larger values of &(p|n,B) than fia
may not be unusual. Since &(Tiy|n, B) is obtained from 10,000 repetitions, it fol- |
lows that &(min|n, B) ~ a(iMa|n, B). So similar remarks can be made regarding
o(Tmy|n, B). The result of this is that Table 2 presents these results in a conser-
vative way since most people would interpret the mean as a typical value of the
false alarm rate. What we are cautioning here is that, in fact false alarm rates
substantially larger than the mean values shown in Table 2 will be much more
common than in a symmetric distribution. We probably should have included

the median in Table 2, but that was not calculated.

It should be noted that if C < 0, the Bayesian estimator of yield will un-
derestimate yield and hence the true false alarm rate will be too small while if
C > 0 the estimator will overestimate yield and hence the false alarm rate will
be too large. From inspection of Table 2, it appears that if we have only 1 or 2
calibration events, this effect can be large, and hence in this case the Bayesian
significance level or CI may be seriously in error. On the other hand if n > 5 the
method might be considered adequate, even though for C < 0 the false alarm
rate may still be sufficiently too small that it could very adversely effect the

power, i.e. the chances of detecting a violation.

Power Considerations

Figures 1 - 8 compare the power of Test 1, Test 2, and Test 3 for various
parameter configurations. As in the case of the false alarm rate, if these pararné—
ter values are representative, little is to be gained from additional no yield data.
Also, from the comparison of the F-numbers it does not appear that a great deal
is to be gained by taking n > 2. Unfortunately these rather pleasant results do

not uniformly extend to the actual power.
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Figure 9 through Figure 36 compare the “actual” power of Test 2 to the
power of Test 2, i.e. they compare P(W|n, ) to P(W). The figures also compare
the F-number for Test 2 to the “actual” F-number. For n < 2 it is clear that
both the power and the F-number are seriously effected if C = +2 and the same
is true for C = +1 if n = 1. It should be pointed out that the small F-numbers
associated with C < 0 are a result of very large false alarm rates and should not

be viewed as improved tests.

Concluding Remarks

In this report we have investigated the robustness of the Bayesian method
(referred to as Test 2) for testing compliance of an observed yield to a threshold.
Although the simulations reported here were not exhaustive, they were adequate
to demonstrate that the Bayesian method for testing compliance is probably not
satisfactory if there are only one or two calibration events. Moreover it is highly
desirable to have five or more calibration events to guarantee good agreenent
with the stated significance level. Similar remarks could be made regarding the
corresponding confidence intervals.

The consequence of these findings is that if it is unlikely that several cali-
bration events will be available, Test 2 and confidence intervals associated with
Test 2, the Bayesian tests and CI discussed by Nicholson, Mensing and Gray, and
those introduced by Shumway and Der should be used with care. In fact if the
number of calibration events is less than 3 it would probably be wise to consider
a constrained likelihood method as an alternative to the Bayesian method, or, if
possible, the Bayesian method should be extended to include the case of several

events following the calibration events.
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Table 2. Estimate of Actual False Alarm Rate E[a(n,8)], a = 0.025

C=-2 C=-=1 C=0 C=1 C=2

n=0

fa 0.0000 0.0000 0.0023  0.0488 0.3165

st. dev. fiq 0.0000 0.0000 0.0001  0.0006 0.0011

st. dev. &(myn|n,B)  0.0000 0.0000 0.0004 0.0025 0.0050
n=1 }

Lo 0.0006 0.0034 0.0149  0.0532 0.1418*

st. dev. fig 0.0003 0.0013 0.0044 0.0112 0.0205

st. dev. &(mpn,B)  0.0012 0.0058 0.0197  0.0499  0.0919
n=2

fa 0.0034 0.0089 0.0225  0.0498  0.0985

st. dev. iy 0.0014 0.0030 0.0061  0.0107 0.0173

st. dev. &(my|n,B)  0.0062 0.0132 0.0273  0.0479 0.0774
n=3

fia 0.0046 0.0099 0.0193 0.0364 0.0643

st. dev. jiq 0.0018 0.0033 0.0055  0.0087  0.0132

st. dev. &(myn|n,B)  0.0079 0.0146 0.0246  0.0389  0.0592
n=3>5

o 0.0076 0.0121 0.0192  0.0283 0.0425

st. dev. fiq 0.0019 0.0020 0.0042 0.0058  0.0081

st. dev. &(mn|n,B)  0.0084 0.0128 0.0190  0.0259  0.0363
n =10

fla 0.0119 0.0155 0.0201 0.0255 0.0316

st. dev. fiq 0.0017 0.0025 0.0030 0.0034 0.0040

st. dev. &(mn|n,B)  0.0075 0.0110 0.0132  0.0152  0.0179
n = 100

fa 0.0229 0.0230 0.0234  0.0238  0.0240

st. dev. fiq 0.0015 0.0013 0.0016 0.0014 0.0015

st. dev. &(mpn,B)  0.0065 0.0058 0.0072  0.0063  0.0065

15



* note: For symetric confidence intervals a 100(1 — 2a)% two sided confidence
interval corresponds to a one sided a—level significance test. For example, for
Test 1 of size 0.025, the corresponding two sided confidence interval is a 95%
C.L. This suggests that if the “actual” significance level is 0.14, the actual C.I.
could be a 72% C.I. That is, if the site geological bias is 20 greater than the
expected bias, n 4, then even though the Bayesian significance level is 0.025 and
the Bayesian C.I. is 0.95, the actual significance level is estimated here as 0.14 |

and one would assume that the actual two sided CI is around 72%."
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APPENDIX: PROOFS

Proof of Theorem 1
For the new observation m related to W, the conditional pdf of m given

Wn, f(m|®,) is as follows:
f(mf@a) = [ fi(om, BlTta)a8
= [ famlB B o(Bln) 8
= [ amip)sy(BiTn)a8, (A1)

where f1, f2, and f3 are the probability densities. The last equation is obtained
due to the independence between m and m, when B is given. The conditional

distribution of B given my may be computed using Bayes’ law as follows:

h(B)L(wi4|B)
S h(B)L(wn|B)dB’

where h is the prior density of the parameter vector B and L is the likelihood

f3(Blmin) = (A2)

function for the data my, given values of B. If we assume e; are independent

multivariate normal, then
n
L(malB) = [ #(m;18),
J=1
where

$(m;18) = (2m)F|Ze| "V 2eap( - 5(m; - D;8)'S5"(m; - D;)}.

Note
fo(m|B)L(1n|8) = L(Wpn4118, mpy1 = m, Wpyg = W)

since e; are independent. Thus referring to (A1) and (A2) leads to

f(mrfﬁn) — fh(ﬂ)L(rn)n-i-llﬂ, Mpy1 =Mm, Wn+1 = Wc)dﬂ'
J h(B)L(,|B)dp

Thus if h(B) is available, f is completely determined.
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Note
W(B)L(inlB) o cxp| — {(B ~ ug)' 5 (B - hp)
+3 (m; - D;8)E (m; - D;B)}]. (A3)
i=1

The exponential of (A3) is —1/2 times

n
g5t + Zl D/T;'D;)8 - 2usS5" +
= J

n
1 mT;'D;18 + upZp' kg
J —

] |
+Y miZ i m;. (A4)
j=1

Let Wy, = E;’l:l Wo;/n. Since D; = (1, Wy;) ® I,

=il (1 WOj)@Egl}

Wo; WE;

where

1 Won -1
En - _ n 9 .
Won Ej:l Woj/"

Let M,y = 37y mj/n and My ) = 3j-1 Wojm;/n. Then it is easy to
verify that

50, oty ) 0 (3) )
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We can rewrite (A4) as follows:

B (5" + {Bn & (Bm)} B2k =5" + (i i)
. (12 ® (Ee/n)—l)]ﬂ + y"BEEIyp + i m_',-E;lmj
j=1 .

- (o-m) 55t ¢ {mmo (2am)) ) (6-)

(55" {E0© (Be/)) "+ 45 g+ 3o i,
where

2= 31+ {En (o)} (55t + e (o) (1 ]

Since —(1/2)(8 — z,,)'[zgl + {En ® (Be/n)}Y)(B — Zy) is the exponential
of the multivariate normal density with mean Z, and variance [EEI +{Ex®

(Be/n)} 171, and [ ezp[—(1/2)(B - Zn)'[E5" + {En ® (Se/n)}1)(B - Zn))dB

is a constant, it can be shown that

/h(ﬂ)L(mn[ﬂ a8  eap| - (1/2){ - Z,[85" + {En © (Ze/n) }'l]zn

+p;92; pp+;mgﬂg mj}].
J:

For the new observation m, let f(m|my) be the conditional density of m

given my in the unconstrained case. Then

f h(ﬁ)L(mn-}-llﬂ, Myp4] = m, WO,n+1 = WC)dp

f(m|ni,) =

J h(B)L(mi,|B)dp
o< eap — (1/2){ = Zhy [E57 + {Bs1 © (Se/(n + 1)} | Zass
+ 2! [2;1 + {E,, ® (Ee/n) }'1] Zn + m'zglm}], (A5)
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where

Zot1= R} [E;‘np +{12® (Se/(n+1) "} ( ) )] :

o My (n+1)
Rpt1= 251 + {En+1 ® (Ee/(" + 1))} ,

E ( 1 W01n+l )—1
n+l = — ’
Wont1 T34 W/(n+1)
n+l
My = Y mj/(n+1),
i=1

n+1

My i) = O Wojmj/(n+1),
i=1
n+l

Wont1= Y Woi/(n+1),
j=1

with Mp4y1=m and WO,n+l = Wc.

Note
thny1) = (n/(n+ 1)t + (1/(n +1))m
My (nt1) = (n/ (n+ 1)) My (n) + (Wc/ (n+ 1)) m.
Then
m(n+1) = |{n/(n ﬁ'l(n) n ' m
(e )= o) (o )+ atr9) ( J om

Therefore the exponential of (A5) is —1/2 times

- M’n+1Rn+1Mn+l +2Zy [EEI + {En ® (Ee/")}_l] Zn - WSy

+ (m - p),E'l (m - p) , (AS)
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where '
M, = Rr_Hl-l [E;lllp + (n/(n + 1)){12 ® (Ee/(n + 1))‘1} (r:l(f(l)))] )
Wi(n
E=%, [z:e - H] g,

u= 2{(1,Wc) ® g;l}zp [zp + {E,,+1 ® (Ee/(n + 1)) }] -
3 {En+1 ® (Ee/(n + 1))} [EEIF/B + n(12 ® 2;1) ( my) )] y

My (n)
with

H= {(1, We) & Ip}zp [Eﬁ + {En+1 ® (Ee/(n + 1)) }]_1

.{En“ ® (ze/(n+1))}{(v:fc) @1,,}.

Since the first three terms in (A6) are not function of m, which are constants,
the theorem holds.
~ Proof of Theorem 2
Note the distribution of m; given B is the multivariate normal with mean

BL + DLjﬁl and variance Xe.
h(B1)L(WnlB1) o« exp| - (1/2){(B1 - w1 BT X (B1 — 1)

+Y (mj —pp ~Dy;B1) S5 (mj — pp - DLjﬁl)}] (A7)
j=1

The exponential of (A7) is —1/2 times

> (D%;55'Dy,))]

(B1 - Zn) [Efl + Xn: (D'LjEEIDLj)} (1 - 2n) - Zy, [Ei"l £y
- =1 Jj=1

n
Zn+ W37 0+ Y (my — pr) BN (mj - p),

J=1
where
Zo =271+ En: (Dj,;j!:;lDLj)]_l [Ertm + Xn: D85 (m; — uy)].
j=1 j=1
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Hence

/ h(B1)L(m,|B1)dB;

o« ea:p[ - (1/2){ —Z [El_l + z": (D'LJ-EEIDLJ-)]Z,,
=1

n
+pE7 e+ Y _(my — pr)' 25 (m; - I‘L)}] :
i=1

For the new observation m, let f.(im|m,) be the conditional density of m
given My, in the constrained case. Then
_ Jh(B)L(ns1|B1, mnt1 = m, Wons1 = We)dBy
J h(B1)L(1n|B1)dB1

[ e:cp[ - (1/2){ -2 [21_1 + % (D'szngLj)] Z,y
i=1

f c(mlﬁn)

+ 2[5+ Y (D;57D;) | Za + (m - ) B2 m - )}
j=1

(A8)
where Z, 11 is defined as Zy, with m,4) = m, and
1 ci c2  r Cp-i !
DL,n+1 = .
Wc Cch C2Wc o Cp_IWc

For k =1,2,---,n+1,let R, = 21—1;41 + E;f':l D'szgl(mj — p1), and let
Qi = 71+ L5 1(D,E51D ). Then with Zyyy = Ro+DY , E5 (m—py),
it is easy to show that (A8) is

exp| - (1/2){ - RhQ;1 1 Rn + Z4QuZn + (m — pr) [£51 ~ 51D 011 Q5 )
) D'L,n+12;1] (m—pp) - ZRQQ;_}_ID'L,"_HB;'I(m - PL)}]
o ezp| - (1/2){(m — eV 7 (m - o)}
where
-1 ~1]7!
L= [Ip - DL,n+1Qn+1DL,n+12e ] e,
Be = pr +EZg 1DL,n+1Q;i1Rn-
The last result is obtained because Qp, Qn+1,Rn, and Z, are not function of m.
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